STEP Past Papers by Topic

STEP Topic — Differential equations

STEP 1l 1992 Question 2 (Pure)

2 Suppose that y satisfies the differential equation

d d
Yy = Id—z — cosh (dz) .

By differentiating both sides of (x) with respect to z, show that either

d2y

da? ~

0 or x — sinh (d_y) =0.
dx

Find the general solutions of each of these two equations. Determine the solutions of (x).
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STEP 11 1990 Question 7 (Pure)

7

A damped system with feedback is modelled by the equation
£'(t) + £(t) — kf(t — 1) = 0, (1)

where k is a given non-zero constant. Show that (non-zero) solutions for { of the form
f(t) = AeP*, where A and p are constants, are possible provided p satisfies

p+1=ke. (*)

Show also, by means of a sketch, or otherwise, that equation () can have 0, 1 or 2 real roots,
depending on the value of k, and find the set of values of k for which such solutions of (})
exist. For what set of values of £ do such solutions tend to zero as ¢ — +o0?
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STEP 11 1991 Question 8 (Pure)

8 Solve the quadratic equation u? + 2usinh z — 1 = 0, giving u in terms of .
Find the solution of the differential equation

dy\? d
(ﬁ) +2d—gsinh$—1:0

which satisfies y = 0and ¢/ > 0 at z = 0.
Find the solution of the differential equation

dy\? d
sinh z gy +2—y—sinh$:0
dx dx

which satisfies y = 0atz = 0.
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STEP 11 1987 Question 6 (Pure)

6 The functions z(t) and y(t) satisfy the simultaneous differential equations

dzx
- Qr — —
dt+ z—oy =20
%+am—2y:2cost,
. dy
sub]ecttOxzo,az{)att:D.

Solve these equations for z and y in the case when a = 1.

Without solving the equations explicitly, state briefly how the form of the solutions for z and
y if @ > 1 would differ from the form when a = 1.
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STEP 1 1990 Question 7 (Pure)

7

Let y,u, v, P and @ all be functions of z. Show that the substitution y = uv in the differential
equation
d
4+ Py=Q
dz
leads to an equation for g—v in terms of z, ) and u, provided that « satisfies a suitable first
xz

order differential equation.
Hence or otherwise solve

dy 2
dr =+1
given that (1) = 0. For what set of values of z is the solution valid?

5
2

=@+ 1),
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STEP 111 1991 Question 5 (Pure)

5 The curve C has the differential equation in polar coordinates

2
372+4r:5sin39, for %SBS%T,
dr _
dg
Show that C' forms a closed loop and that the area of the region enclosed by C'is

T2 (I),- 2
5 48 S11 5 S111 5 .

and, when 8 = g, r=1and —2.
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STEP 11 2004 Question 8 (Pure)

8

Let x satisfy the differential equation

d:g_ nl/n
a*(l—w )

and the condition z = 0whent = 0.

(i) Solve the equation in the case n = 1 and sketch the graph of the solution for ¢ > 0.

(i) Provethatl —z < (1 —x?)Y2for0 <z <1.
Use this result to sketch the graph of the solution in the case n = 2 for0 < ¢t < %ﬂ',

using the same axes as your previous sketch.

By setting « = siny, solve the equation in this case.

(iii) Use the result (which you need not prove)
(1—2)2 < (1 -2 for 0<z<1,

to sketch, without solving the-equation, the graph of the solution of the equation in the
case n = 3 using the same axes as your previous sketches. Use your sketch to show
that = 1 at a value of ¢ less than %ﬂ'.
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STEP 11 2005 Question 8 (Pure)

8 For 2 > 0 the curve C is defined by

dy _ 2%
dz (1 +22)5/2
with y = 1 when z = 0. Show that
1 24327 L1
y  3(1+22)32 3
and hence that for large positive x

y~=3——.
T

Draw a sketch of C.

On a separate diagram draw a sketch of the two curves defined for z > 0 by
% _ z323
dz  2(1+ x2)5/2

with z = 1 at z = 0 on one curve, and z = —1 at z = 0 on the other.
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STEP 11 2003 Question 8 (Pure)

8

It is given that y satisfies

dt t+1

where k is a constant, and y = A when t = 0, where A is a positive constant. Find y in terms
oft,kand A.

Show that y has two stationary values whose ratio is (3/2)%e=5%/2.

Describe the behaviour of y as t — +oc for the case where &£ > 0 and for the case where
k<0.

d 2 —3t+2

In separate diagrams, sketch the graph of y for ¢ > 0 for each of these cases.
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STEP 1 2001 Question 8 (Pure)

8

Given that y = z and y = 1 — z? satisfy the differential equation

2
iy p(x)—x +q(z)y=0, (%)

show that p(z) = —2z(1 + z%)~! and q(z) = 2(1 + z?)~L.
Show also that ax + b(1 — z?) satisfies the differential equation for any constants a and b.

Given instead that y = cos?(3z?) and y = sin?(12?) satisfy the equation (), find p(z)
and q(x).

10


http://www.oxbridgemind.co.uk/

STEP 1 2003 Question 8 (Pure)

8 A liquid of fixed volume V' is made up of two chemicals A and B. A reaction takes place in
which A converts to B. The volume of A at time ¢ is zV and the volume of B at time ¢ is yV
where z and y depend on t and = 4+ y = 1. The rate at which A converts into B is given by
kVzy, where k is a positive constant. Show that if both = and y are strictly positive at the
start, then at time ¢

Dekt

Y= ¥ Dekt

where D is a constant.
Does A ever completely convert to B ? Justify your answer.

11
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STEP 11 1995 Question 8 (Pure)

8 If there are x micrograms of bacteria in a nutrient medium, the population of bacteria will grow
at the rate (2K — z)x micrograms per hour. Show that, if z = K when ¢ = 0, the population

at time ¢ is given by
i e e—2Kt

Sketch, for ¢t > 0, the graph of z against t. What happens to z(t) as t — co?

Now suppose that the situation is as described in the first paragraph, except that we remove
the bacteria from the nutrient medium at a rate L micrograms per hour where K2 > L. We
set « = VK2 — L. Write down the new differential equation for z. By considering a new
variable y = x — K + a, or otherwise, show that, if z(0) = K then z(t) - K + a as t — oc.

12
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STEP 11l 2007 Question 5 (Pure)

5 Lety = In(z? — 1), where z > 1, and let r and ¢ be functions of = determined by r = vz2 — 1
and cothf = z. Show that

dy 2cosh@ d%y 2 cosh 26
— = and — =——-—
dz r dz? rz
. _ d3y
and find an expression in terms of r and 4 for dad
€I
n
Find, with proof, a similar formula for g—z in terms of r and 4.
T

13
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STEP 11l 2015 Question 8 (Pure)

8 (i) Show that under the changes of variable z = r cos § and y = r sin 8, where r is a function
of 6 with r» > 0, the differential equation

dy
(?J"‘x)a*y—x

becomes
ﬁ +r=0
dé o

Sketch a solution in the z-y plane.

(ii) Show that the solutions of
2 oy 4Y 2 2
(y+o—z(@®+y%) - =y—z-y" +y)
can be written in the form
1
2 _
L =} + Ae2

and sketch the different forms of solution that arise according to the value of A.

14
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STEP 11 2018 Question 8 (Pure)

8 (i)

(i)

(iii)

Use the substitution v = ,/y to solve the differential equation

d

= ayt - fy >0, t=0),

dit

where o and f are positive constants. Find the non-constant solution yi(z) that
satisfies y1(0) = 0.

Solve the differential equation

where o and 8 are positive constants. Find the non-constant solution ya(x) that
satisfies y2(0) = 0.

In the case o = 3, sketch y1(z) and yz(x) on the same axes, indicating clearly which

ig y1(z) and which is yz(x). You should explain how you determined the positions of
the curves relative to each other.

15
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STEP 111 2005 Question 2 (Pure)

. . . . . d
2 Find the general solution of the differential equation = ,
dz z? + a?
show that it can be written in the form y?(z% + a?) = %, where ¢ is an arbitrary constant.

Sketch this curve.

where a # 0, and

Find an expression for %(;}:2 + %?) and show that

dz 5, c? 8c?z?
— =21- T -
dz2 (=% +5°) ( (@2 + a2)2) (22 + a2)3

(i) Show that, if 0 < ¢ < a?, the points on the curve whose distance from the origin is least
are (0, ig)

(ii) If ¢ > a?, determine the points on the curve whose distance from the origin is least.

16
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STEP 111 1994 Question 4 (Pure)

4

Find the two solutions of the differential equation

dy 2
2 ) —4
(&) =

which pass through the point (a, b?), where b # 0.

Find two distinct points (a1, 1) and (a2, 1) such that one of the solutions through each of them
also passes through the origin. Show that the graphs of these two solutions coincide and
sketch their common graph, together with the other solutions through (a1, 1) and (a9, 1).

Now sketch sufficient members of the family of solutions (for varying a and b) to indicate the
general behaviour. Use your sketch to identify a common tangent, and comment briefly on
its relevance to the differential equation.

17
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STEP 111 2007 Question 8 (Pure)

(i) Find functions a(x) and b(z) such that u = = and v = e~ both satisfy the equation

d?u du
E +a($)a +b(3:)u =0.

For these functions a(x) and b(z), write down the general solution of the equation.

— 1d .
Show that the substitution y = @ﬁ transforms the equation
dy 9 T 1
=~ 13 =
d:c+ Y +1+xy 3(1+x) *)

into
d?u n z du 1 "
dz?  1+4+2zdr 1+=x
and hence show that the solution of equation (x) that satisfies y = 0 at z = 0 is given

by — 1—e"
y?”_3(x+e*fﬂ)'

(ii) Find the solution of the equation

S A |
AN T 1«

that satisfies y = 2 at z =.0.

18
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STEP 1l 2014 Question 5 (Pure)

. . . . . d
5 Given that y = zu, where u is a function of z, write down an expression for ﬁ

(i) Use the substitution y = zu to solve

dy _2y+=z
de  y—2z

given that the solution curve passes through the point (1,1).

Give your answer in the form of a quadratic in z and .

(ii) Using the substitutions z = X + a and y = Y + b for appropriate values of a and b, or
otherwise, solve
dy x-2y—4
dz  2rx+4+y-—3°

given that the solution curve passes through the point (1,1).

19
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STEP 1 2010 Question 6 (Pure)

6

Show that, if y = e%, then
d?y dy
(I_l)j_mi+yf0_ (%)

In order to find other solutions of this differential equation, now let y = we®, where u is a
function of z. By substituting this into (), show that

d? d
(m—l)d—;;+($—2)—z:[]. (%)
d
By setting d—u = v in (xx) and solving the resulting first order differential equation for v, find u
€T
in terms of z. Hence show that y = Az + Be” satisfies (x), where A and B are any constants.

20
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STEP 1 2013 Question 7 (Pure)

7 (i) Use the substitution y = uz, where w is a function of z, to show that the solution of the
differential equation
dy _ =
dz Y
that satisfiesy =2whenz =11s

y=2v4+2nz (x >e2).

(x>0, y>0)

LY
xr

(ii) Use a substitution to find the solution of the differential equation

d x 2
d—z = v ;y (z>0,y>0)
that satisfies y = 2 when z = 1.
(iii) Find the solution of the differential equation
dy < z%2 2y

that satisfies y = 2 when z = 1.

21
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STEP 111 2013 Question 7 (Pure)

7

(i)

(if)

(ii)

d? . d
Let y(x) be a solution of the differential equation £V y® = 0withy =1 and d—y =0
T

da?
atz =0, and let

dy 2
E(z) = (E) + 1yt

Show by differentiation that E is constant and deduce that |y(z)| < 1 for all z.

2

H —I—xd—v—l—sinhfu =0 withv=1n3

Let v(z) be a solution of the differential equation
dz? dx

and ﬂ:Oata::(), and let
dz

dv\?
E(x) = (d:ﬂ) + 2coshw.

Show that % < 0 for z = 0 and deduce that coshv(z) < g forz = 0.

Let w(x) be a solution of the differential equation

d?w \ dw .
a2 + (5cosha ~ 4sinhz < 3)£ + (w coshw2sinhw) =0
with dw 1 and w = 0rat #— 0. Show that coshw(z) < 2 for z > 0
dr /2 B ~— S o

22
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STEP 1 1995 Question 6 (Pure)

6 (i) In the differential equation

@y . L _. .5
y2de  y
make the substitution © = 1/y, and hence show that the general solution of the original
equation is
1
U="der— aiw’

(ii) Use a similar method to solve the equation

ldp, 1 _ o=
ydz | y2

23
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