STEP Past Papers by Topic

STEP Topic — Functions

STEP 11 1991 Question 7 (Pure)

7 The function g satisfies, for all positive z and v,

g(x) +8(y) = 8(2), ()
where z = zy/(xz + y + 1). By treating y as a constant, show that

Ay +1)
' Qg(Z)=;Ei+1;g(z),

8(®) = Gy

and deduce that 2g/(1) = (u? + u)g’(u) for all w satisfying 0 < u < 1. Now by treating u as a
variable, show that

u

where A and B are constants. Verify that g satisfies (x) for a'suitable value of B. Can A be
determined from (x)?

The function f satisfies, for all positive = and y,

f(z) +£@)= £(2)

where z = zy. Show that f(z) = C'Inz where C is a constant.
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STEP 11 1987 Question 5 (Pure)

5 If y = f(z), then the inverse of f (when it exists) can be obtained from Lagrange’s identity.
This identity, which you may use without proof, is

o 1 dr1
-1 _ - . n
) =y+ > ol dgnT ly—£()]",
n=1
provided the series converges.

(i) Verify Lagrange’s identity when f(z) = az, (0 < a < 2).

(if) Show that one root of the equation

I !
2 Znl (20 + 1)1

(iii) Find a solution for z, as a series in A, of the equation

T= T,

[You may assume that the series in part (i) converges,.and that the series in part (iii) con-
verges for suitable A.]
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STEP 1 1992 Question 7 (Pure)

7 Let g(z) = az + b. Show that, if g(0) and g(1) are integers, then g(n) is an integer for all
integers n.
Let f(z) = Az?+ Bz + C. Show that, if f(—1), f(0) and f(1) are integers, then f(n) is an integer
for all integers n.
Show also that, if « is any real number and f(a — 1), f(a) and f(a + 1) are integers, then
f(ae + n) is an integer for all integers n.
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STEP 11 1987 Question 4 (Pure)

Two funnels A and B have surfaces formed by rotating the curves y = 2 and y = 2sinh ' z
(z > 0) above the y-axis. The bottom of B'is one unit lower than the bottom of A and they are
connected by a thin rubber tube ‘with a tap in it. The tapqs closed and A is filled with water
to a depth of 4 units. The tap is then closed. When the water comes to rest, both surfaces
are at a height h above the bottom of B, as shown. in the diagram. Show that / satisfies the
equation

h? —3h Hsinh h = 15.
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STEP 11 1991 Question 3 (Pure)

3 It is given that z, y and z are distinct and non-zero, and that they satisfy

1 1 1
rTt+-—=y+-—=z+ —.
Y z T

Show that z2y?22 = 1 and that the value of = + 1 is either +1 or —1.
Y
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STEP 11 1994 Question 3 (Pure)

3 The function f satisfies f(0) = 1 and
f(z —y) = {(2)f(y) — fla — z)f(a +y)

for some fixed number a and all z and y. Without making any further assumptions about the
nature of the function show that f(a) = 0.

Show that, for all ¢,

(i) () = (1),

(i) f(2a) = -1,

(i) f(2a —t) = —£(t),
(iv) f(da+t)=f(t).

Give an example of a non-constant function satisfying the conditions of the first paragraph
with a = 7 /2. Give an example of an non-constant function satisfying the conditions of the
first paragraph with a = —2.
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STEP 111 2001 Question 4 (Pure)

4 In this question, the function sin~! is defined to have domain —1 < z < 1 and range
—3m < z < 3w and the function tan—? is defined to have the real numbers as its domain
and range —3m < z < 3.
(i) Let
2z
1422’

Sketch the graph of g(z) and state the range of g.

g(z) = —00 < T <00.

(ii)) Let

2
f(w):sin_l( ad ), —00 < <00,
Show that f(z) = 2tan 'z for -1 <z <1 and f(z) =7 — 2tan~'zforz > 1.

Sketch the graph of f(z).
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STEP 11 1998 Question 7 (Pure)

7
f(z) = tanz —uz,
g(z) = 2—2cosz — zxsinz,
h(z) = 2z +zcos2z — 3 sin2z,
F(z) = wi(co-s z)!/? .
smx

(i) By considering f(0) and f'(x), show that f(z) > 0 for0 < z < %w.
(ii) Show similarly that g(z) > 0 for 0 < z < ir.

(iii) Show that h(z) > 0 for 0 < z < , and hence that
(sin®*@ + 3 cos?z) — 3sinz cosz > 0
for0 <z < §m.

F'(x)

(iv) By considering

, show that F/(x) < 0/for 0 < z < 1o
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STEP 11 2007 Question 5 (Pure)

5 In this question, f?(x) denotes f(f(z)), £*(x) denotes f(f(f(z))), and so on.
(i) The function f is defined, for z # +1/v/3, by

r+3
1—+3z

Find by direct calculation f2(z) and £3(x), and determine 2097 (z).

f(z) =

(ii) Show that {"(z) = tan(d + %mr), where z = tan @ and n is any positive integer.

(iii) The function g(t) is defined, for |t| < 1 by g(t) = Y3y 4 1v/1—12. Find an expression
for g™(t) for any positive integer n.
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STEP 11 2013 Question 5 (Pure)

5 (i)

(ii)

(iif)

A function f(z) satisfies f(z) = f(1 — z) for all z. Show, by differentiating with respect to
z, that /() = 0. If, in addition, f(z) = f(2) for all (non-zero) =, show that f'(—1) = 0
and that {'(2) = 0.

The function f is defined, for z # 0 and z # 1, by

(x? —z +1)3
T@oae

f(z) =

Show that f(z) = £(1) and f(z) = £(1 — ).

Given that it has exactly three stationary points, sketch the curve y = f(x).

27
Hence, or otherwise, find all the roots of the equation f(z) = 1 and state the ranges

of values of = for which f(z) > %

> 343
Find also all the roots of the equation f(z) = 36 and state the ranges of values of z

. 343
for which f(z) > 26

10
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STEP 1 2013 Question 8 (Pure)

8 (i) The functions a,b,c and d are defined by

(x) =22 (—o0 <z <00),
blz) =lnz (2> 0),
c(z) =2z (—o0 <z < 00),
d(z) =vz (z>0).

Write down the following composite functions, giving the domain and range of each:

cb, ab, da, ad.

(ii) The functions f and g are defined by

flz) =vz? -1 (lz| 2 1),
glz) =vzi+1 (—oc0o<z<00).

Determine the composite functions fg and gf, giving the domain and range of each.

(iii) Sketch the graphs of the functions h andk defined by

h(z) =z + V22— 14 (2 21),
k(z) =z —vz2 -1 “(J2p=1),

justifying the main features of the graphs, and giving the equations of any asymptotes.
Determine the domain and range.of the composite function kh.

11
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STEP 11 2009 Question 2 (Pure)

2

The curve C has equation

y= asin(ﬂcr)

where a > 1.

(i) Find the coordinates of the stationary points on C.

(ii) Use the approximations e’ ~ 1+t and sint ~ t (both valid for small values of ¢) to show
that
y~1l—mzlna

for small values of z.
(iii) Sketch C.

(iv) By approximating C by means of straight lines joining consecutive stationary points,
show that the area between C' and the z-axis between the kth and (k + 1)th maxima is

approximately -
EENBETE-7).

12
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STEP 111 2009 Question 3 (Pure)

3 The function f(¢) is defined, for ¢ # 0, by

t
et —1°

(t) =

(i) By expanding e, show that }iII(l) f(t) = 1. Find f'(t) and evaluate %1_% ().
—

(ii) Show that f(t) + %t is an even function. [Note: A function g(t) is said to be even if
g(t) = g(-1).]

(iii) Show with the aid of a sketch that e’(1 — ¢) < 1 and deduce that f'(t) # 0 for ¢ # 0.

Sketch the graph of f(¢).

13
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STEP 11 2013 Question 8 (Pure)

8 The function f satisfies f(x) > 0 for x > 0 and is strictly decreasing (which means that
f(b) < f(a) for b > a).

)

(ii)

(iif)

For ¢t > 0, let Ag(t) be the area of the largest rectangle with sides parallel to the coor-
dinate axes that can fit in the region bounded by the curve y = f(z), the y-axis and the
line y = £(t). Show that Ay(t) can be written in the form

Ao(t) = zo (f(zo) — £(2)),
where z satisfies zof’(zg) + f(zo) = £(¢) .

The function g is defined, for ¢ > 0, by

1 t
ol = = / e
t Jo
Show that tg'(t) = f(¢) — g(t) .
Making use of a sketch show that, for ¢t > 0,
t
/ (f(z) —1(¢)) dz > Ao(?)
0

and deduce that —t2g/(¢) > Ao(t).

il . \
In the case f(z) = T ad use the above to establish the inequality
T

|
P>, | ,
= JI i

fort > 0.

14
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STEP 11 2011 Question 3 (Pure)

3 In this question, you may assume without proof that any function f for which f'(z) > 0 is
increasing; that is, f(z9) > f(z1) if 2o > z; .

(i) (a) Letf(z) =sinz — zcosz. Show that f(z) is increasing for 0 < z < %w and deduce
thatf(z) > 0 for0 < z < 3.

(b) Given that d%(arcsin z) > 1for0 < z < 1, show that

arcsinz > <z <).
(c) Letg(z) =zcosecz for0 <z < %w. Show that g is increasing and deduce that

(arcsinz)z~! > z cosec z (G<z<l).

(ii) Given that %(arctan x) < 1for z > 0, show by considering the function =~ tan z that

(tan z)(arctan z) > z2 (0<z< in).

15
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