STEP Past Papers by Topic

STEP Topic — Inequality

STEP | 2017 Question 2 (Pure)

2 (i)  The inequality = < 1 holds for t > 1. By integrating both sides of this inequality over

| =

the interval 1 € ¢ < x, show that
Inz<z—1 (*)

for z > 1. Show similarly that (*) also holds for 0 < z < 1.

1.1
(ii) Starting from the inequality 7 <) n for t = 1, show that
1
nz>1-- (**)
&

for z > 0.

(iii) Show, by integrating (x) 'and (#%), that

2 < Iny gy+1
y+1 oy—1 (%

fory>0and y # 1.
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STEP 11 1987 Question 8 (Pure)

8 Show that, if the lengths of the diagonals of a parallelogram are specified, then the parallo-
gram has maximum area when the diagonals are perpendicular. Show also that the area of
a parallelogram is less than or equal to half the square of the length of its longer diagonal.

The set A of points (z,y) is given by
9,
0

?

la1z + b1y — c1] <
|aoz + by — c2| <

with a1bs # agb;. Sketch this set and show that it is possible to find (z1,y1), (z2,y2) € A with

842

2 5

r1—T - — >
( 1 2) (yl y?) |a1b2 (12b1|
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STEP 11 1993 Question 8 (Pure)

8

Suppose that a; > 0 for all i > 0. Show that

a1+a2)2

a102 < ( 5

Prove by induction that for all positive integers m

2?11.
ay+ -+ + agm
al...agmg(—l = 2) )
Ifn < 2™, putb; =as, ba =as, -+ ,by, =apand b,y = --- = bam = A, Where
A:a1+...+an‘
n

By applying (*) to the b;, show that
ap--- anA(zm_n) g A2m

(notice that b; + - - - + b,, = nA). Deduce the (arithmetic mean)/(geometric mean) inequality

g1 +an

e ) N
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STEP 11 1991 Question 6 (Pure)

6 Show by means of a sketch, or otherwise, that if 0 < f(y) < g(y) for 0 < y < z then

0< /Oxf(y)dyé/oxg(y)dy-

Starting from the inequality 0 < cosy < 1, or otherwise, prove that if 0 < z < %w then
0 <sinz < zand cosz > 1 — z2. Deduce that

L

L& / LN S
x r X :
1800 ~ Jo (24 cosz)? 1797

Show further that if 0 < z < 3 then sinz > z — ¢2®. Hence prove that

l & [® E- PR
3000 \/0 (1—z+sinz)2 " > 5999°
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STEP 11 1990 Question 6 (Pure)

6 Let a,b, ¢, d, p and g be positive integers. Prove that:

(i) fb>aandc>1,thenbc>=2c>=2+¢;

(ii) fa<bandd <c,thenbec—ad = a+c;

i) if 2 <p< S, then (be—ad)p > a+c;

b d
... a P o cC a+c b+d
T EE > > .
(iv) |fb<q<d,thenp/bc_adandg b —ad

Hence find all fractions with denominators less than 20 which lie between 8/9 and 9/10.
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STEP 111 1993 Question 9 (Pure)

9 For the real numbers ay, as, as, ...,

(i) prove that a? + a2 > 2a;as,

(ii) prove that a? + a2 + a3 > asaz + asa; + a1az,

(iii) prove that 3(a? + a3 + a3 + a2) > 2(a1as + a1a3 + a1a4 + azaz + azay + azas),
(iv) state and prove a generalisation of (iii) to the case of n real numbers,

(v) prove that

L 2 2n
(Zai) = —1 Zaiaja

=1

where the latter sum is taken over all pairs (i,j) with1 <i < j < n.
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STEP 111 2002 Question 4 (Pure)

4  Show that if z and y are positive and z3 + 22 = 3% —y? thenz < y.
Show further that if 0 < z < y — 1, then 23 4+ 22 < y3 — 2.

Prove that there does not exist a pair of positive integers such that the difference of their
cubes is equal to the sum of their squares.

Find all the pairs of integers such that the difference of their cubes is equal to the sum of their
squares.
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STEP 1 1995 Question 1 (Pure)

1 (i) Find the real values of x for which

2 —d4r? —z+4>0.

(ii) Find the three lines in the (z,y) plane on which

3 — dxty —xy? + 4 = 0.

(iii) On a sketch shade the regions of the (z,y) plane for which

2 — Azy — zy + 4y° = 0.
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STEP 11 2006 Question 3 (Pure)

1
3 (1) Show that (5 + v24 Y~ isan integer.
( ) (5+v24)"
Show also that ) 0
1< < — < 0.11.
5++v24 19

Hence determine, with clear reasoning, the value of (5 + \/24)4 correct to four decimal
places.

(ii) If N is an integer greater than 1, show that (N + /N2 —1)*, where k is a positive
integer, differs from the integer nearest to it by less than (2N — %)_k.
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STEP 1 2012 Question 3 (Pure)

3 (i)

(ii)

Sketch the curve y = sinz for 0 < z < %w and add to your diagram the tangent to the

curve at the origin and the chord joining the origin to the point (b,sinb), where 0 < b <

1
UL

By considering areas, show that

— %bz <cosb<1— %bsinb.

By considering the curve y = o, where a > 1, show that

2(a—1)
a+1

<lha<-14+v2a-1.

[Hint: You may wish to write a® as e®'"4,]

10
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STEP 1 2002 Question 3 (Pure)

3  Showthat (a + b)? < 2a% + 2b2.

1 1
Find the stationary points on the curve y = (a? cos? § + b%sin”0) > + (a?sin® 6 + b? cos? §) 2,
where a and b are constants. State, with brief reasons, which points are maxima and which
are minima. Hence prove that

la| + [b] < (a® cos® O + b? sin? §) 3y (a*sin® 0 + b? cos® 9)% < (2a® + 20%) 7,

11
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STEP 111 2002 Question 7 (Pure)

7  Given that o and 3 are acute angles, show that o + 8 = & if and only if cos® & + cos? 8 = 1.

In the z—y plane, the point A has coordinates (0, s) and the point C' has coordinates (s, 0),
where s > 0. The point B lies in the first quadrant (x > 0, y > 0). The lengths of AB, OB
and CB are respectively a, b and c.

Show that
(82 + b2 —a?)? + (8% + 0% — )2 = 45%h°

and hence that

Deduce that

12
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STEP 1 1999 Question 6 (Pure)

6 (i) Find the greatest and least values of bz + a for —10 < z < 10, distinguishing carefully
between the cases b > 0, b=0and b < 0.

(ii) Find the greatest and least values of cz? + bz + a, where ¢ > 0, for —10 < z < 10,
distinguishing carefully between the cases that can arise for different values of b and c.

13
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