STEP Past Papers by Topic

STEP Topic — Integration by substitution

STEP |1 1991 Question 8 (Pure)

8 (i) By a substitution of the form y = k — z for suitable k, prove that, for any function f,

™ l71'
/ af(sin ) dx. = 7r/2 f(sinz) dz.
0 0

Hence or otherwise evaluate

X T

0 2+sinr

(ii) Evaluate

/1 (sin™'t) cos [(sin™ ' ¢)?] i
0

Vi—=12

[No credit will be given for numerical answers obtained by use of a calculator.]
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STEP | Specimen Question 4 (Pure)

4 Evaluate

oo
1
dz.
/1 (x+1)Vz2+ 2z —2



http://www.oxbridgemind.co.uk/

STEP 1 1987 Question 5 (Pure)

5  Using the substitution z = o cos? § + 3sin? §, show that, if o < 3,

g 1
de =7
/oz Viz—a)(B—xz)

What is the value of the above integral if o > 3?
Show also that, if 0 < a < 3,

B 1 s
dz = .
/. E—a)f-g)  vaB
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STEP 1 1993 Question 4 (Pure)

4 By making the change of variable t = = — z in the integral

™
/ zf(sinz) dz,
0

or otherwise, show that, for any function f,

K T ™
/ zf(sinz)dz = —/ f(sinz)dz.
0 2 Jo

T : 2w :
zsinz zsinz
———dz and ————dz.
/0 1+ cos?z o l+cos?z

Evaluate
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STEP 1 2017 Question 1 (Pure)

1 (i)  Use the substitution u = zsinz + cosz to find

dem
rtanz + 1

Find by means of a similar substitution, or otherwise,

T4
. Tootz —1 00

(ii) Use a substitution to find
zsec? z tanx
J xTseccr —tanzx

and

TSinTcosT
(z —sinxzcosx)
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STEP 1 2004 Question 4 (Pure)

4 Differentiate sec ¢ with respect to ¢.

2
1

i Use the substitution z = sect to show that — _dr=-"—"-—"
(i) T = sec ,[\/5:83 e T
(ii) Determine ] ! dr .

(z+2)+/(z+1)(x+3)

1

iili) Determine f dz .
(i (z+2)Va?+4z -5 ’
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STEP 1 1998 Question 2 (Pure)

2 Show, by means of a suitable change of variable, or otherwise, that
/ f((z2 +1)V? 4 2)dz = ;/ (1 +t~2)f(t) dt.
0 1
Hence, or otherwise, show that

eo p 3
f (22 +1)V2 + 2)3dz = 5
0



http://www.oxbridgemind.co.uk/

STEP 111 2000 Question 2 (Pure)

2 Use the substitution z = 2 — cos 6 to evaluate the integral
f? (x — 1)%
dx.
3/2 3—x

]q (w _ a)%dw _ (b—a)(7 +3v/3—6)

Show that, fora < b,

b—x 12 ’
where p = (3a + b)/4 and g = (a + b) /2.



http://www.oxbridgemind.co.uk/

STEP 1 2006 Question 5 (Pure)

5 (i) Use the substitution u? = 2z + 1 to show that, for z > 4,
7/ 2 —
(z—4)V2z+1 V2r+1+3
where K is a constant.
In8 2 7 9

ii) Show that — f  dr=-"4mZ.
(i) W flng ey R DR
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STEP 111 2005 Question 7 (Pure)

7 Show that if f . du =F(u) + ¢, then f
w ()

Find:

_m
z f(zm)

dz =F(z™) + ¢, where m # 0.

10
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STEP 111 2004 Question 1 (Pure)

1 Show that

a sinh z 1 v2cosha —1 1 V2+1
fdl‘: ].Il + 11’1
o 2cosh®’z —1 2V/2 v2cosha + 1 22 VvV2-1
@ sh
f coq.:c2 .
o 1+ 2sinh“z

/°° coshz —sinhz . T 1 In V2+1
———eeeeee o —_ I .
o 1+ 2sinh’®z 2V/2  2v2 V2 -1

and find

Hence show that

By substituting u = e” in this result, or otherwise, find

x 1
—du.
,/1 1+ ut b

11
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STEP 1l 2007 Question 3 (Pure)

1 1
3 By writing z = a tan 6, show that, for a # 0, ] ——dz = - arctan — + constant.
a? + x? a a
3T cosa
(i) Letr =f ———dz.
o l+sin“z
(a) Evaluate 1.
1 1— t2
(b) Use the substitution ¢ = tan }z to show that / ———dt=3I.
o 1+6t2+t4

1 1— tQ
ii) Evaluate ———dt.
() /0 1+ 1442 + ¢4

12
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STEP 1 1994 Question 8 (Pure)

8 By means of the change of variable § = {r — ¢, or otherwise, show that

™

/ In(1+ tan6)df = i7ln2.
0

Mn(1 2™ (1 +si
]n( +2) dzx and /2 In Jtsnw dz.
g 1+22 0 1+cosz

=

Evaluate

13
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STEP 11 2012 Question 3 (Pure)

3 Show that, for any function f (for which the integrals exist),

ff($+ 1+:c2)d:c=1/ (l—l—lz)f(t)dt.
0 25 t

oo
1
dz,
fo 22 + 14 2zvVz2 + 1

and, using the substitution = = tan#,

1
f SR S
0 (1 + Sin 9)3 |

Hence evaluate

14
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STEP 11 2006 Question 4 (Pure)

) By making the substitution = 7 — ¢, show that

™ ™
f zf(sinz)dz = %ﬂ'/ f(sinz)dz,
0 0

where f(sinz) is a given function of sin z.
Evaluate the following integrals:
T xsinz

i ———dz;
M 0 3+sin’z v

2T rsing
(ii) f
3+s1n x

(i) f 93| sin 2$|

3 + sin? ;r:

15
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STEP 1l 2014 Question 4 (Pure)

4 (i) By using the substitution « = 1/, show that for b > 0

b
zlnx
dx =0.
,/1/1, (a? + z?)(a222 + 1) v

(ii) By using the substitution u = 1/z, show that for b > 0,

fb arctan:nd _ minb
1

/b T 2
. < 1 _—
(iif) By using the result f po dxr = ;—a (where a > 0), and a substitution of the
0

form u = k/x, for suitable &, show that

fm;dx—i (a>0)
o (a2+22)277 " 4a3 |

16
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STEP 1 2010 Question 4 (Pure)

4

Use the substitution z = , where t > 1, to show that, for z > 0,

t2_

fﬁdwz?ln(ﬁ—l—vm-l—l)—l—c.

1 1 t—
[Note You may use without proof the result /t2—a2 dt = % In |t+2‘ + constant. ]
The section of the curve 1 L
v= ﬁ a vr+1

between z = { and = = - is rotated through 360° about the z-axis. Show that the volume

enclosed is 2 In 2.

17
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STEP 1 2009 Question 6 (Pure)

6 (i) Show that, form >0,

+Inm.

/m x? g — (m—13(m+1)
il

/m.’L‘+1

(ii) Show by means of a substitution that

/1/m (T t+1)

(iii) Evaluate:

2 £543
a ————dz;

el

2m?2

m n—1
:/ - du.
1/m u+1

18
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STEP 11 2010 Question 4 (Pure)

4 (i) Let
(@)

I= o f(z)+f(a—x) o

Use a substitution to show that
¢ fla—x)
I = — 7 d
/U f(z) + f(a — z) .
and hence evaluate I in terms of a.

Use this result to evaluate the integrals
1 x .
/ ln(.»’cikl)2 dr  and /2 . squT e
0 In(2+ 2z — z?) o sin(z+ %)

(ii) Evaluate

2 sinzx
————— v dz.
1 z(sinz +sin 1)

T

19
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STEP 111 2014 Question 2 (Pure)

2 (i) Show, by means of the substitution u = cosh x, that

V2coshz — 1

f sinh x do — 1 In
cosh2z 22  |V/2coshz +1

(if) Use a similar substitution to find an expression for
cosh z
f cosh 2z dz

(ifi) Using parts (i) and (ii) above, show that

/1 1 du:ﬂ'+21n(ﬂ+1)
o 1+u? 44/2 '

20
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STEP 111 2007 Question 7 (Pure)

7 The functions s(z) (0 < z < 1) and t(z) (z = 0), and the real number p, are defined by

1

x 1 T 00 1
S(.’L‘):\[D ﬁdu, t(l‘):\/o md’u, p=2‘/0. mdu

For this question, do not evaluate any of the above integrals explicitly in terms of inverse
trigonometric functions or the number 7.

*© 1

() Use the substitution v = v~ ! to show that t(z) = f dv. Hence evaluate
1

J 14 v?
t(1/2) + t(z) in terms of p and deduce that 2t(1) = p.

du 1

dy /(1 —y%)3

(i) Lety=

. Express u in terms of ¢, and show that

u
V14 u?

By making a substitution in the integral for t(z), show that

(i)

Deduce that s(-) = ;p.

V2
u+ 7 Vi
(iii) Letz=_— %ﬂu . Showthat t(%) — f; Tra2 dz ,and hence that 3t(%) =3p.
3 V3

21
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STEP 1 2013 Question 4 (Pure)

4 (i) Show that, for n > 0,

m

=

(ii) Evaluate the following integrals:

™

S

] tan™ z sec’zdr = ——
0

f z sec*z tanz dz
0

IS

and secz tanzdxr =
0 n

m
and 2% sec?z tanz dz .
0

22

T (\/23)”—1_
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