STEPPast Papers by Topic

STEP Topic - Integration

STEP | 1987 Question 6 (Pure)

6 Let y = f(z), (0 < z < a), be a continuous curve lying in the first quadrant and passing
through the origin. Suppose that, for each non-negative value of y with 0 < y < f(a), there is
exactly one value of z such that f(z) = y; thus we may write x = g(y), for a suitable function

g.
For0 < s <a,0<t<f(a), define

s t
Fs) = [ t@yde, | G = [ s
By a geometrical argument, show that
F(s) +-G(t) = st. (%)

When does equality occur in (x)?
Suppose that y = sinz and that the ranges of z,y, s, ¢ are restrictedto 0 < z < s < %w,

0 < y <t < 1. By considering s such that the equality-holds in (%), show that

t
/ sin~!ydy = tsin7 4 — (1- cos(sin £} -
0

Check this result by differentiating both sides with respect to ¢.
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STEP 11l 1992 Question 6 (Pure)

™ zsin?(nx)

2 dx, where n is a positive integer, show that I,, — I,,_1, = J,,

I, :/ zsin(2n — 1)z da.
0

6 Given that I,, = /

0 sin“ x

where

sin x
Obtain also a reduction formula for J,,.
The curve C is given by the cartesian equation

zsin®(nz)

sin? z

where n is a positive integer and 0 < z < w. Show that the area under the curve C'is %mr?




STEP 11 1989 Question 6 (Pure)

6 The function f satisfies the condition f'(z) > 0 for a < = < b, and g is the inverse of f. By
making a suitable change of variable, prove that

/abf(x)dx =bB —aa — /jg(y)dy,

where a = f(a) and g = f(b). Interpret this formula geometrically, in the case where o and a
are both positive.

Prove similarly and interpret (for « > 0 and a > 0) the formula

b B
27r/ zf(z) dz = m(b%B — a%a) — 71'/ [g(y)]? dy.




STEP 11 1987 Question 7 (Pure)

7

A definite integral can be evaluated approximately by means of the Trapezium rule:

/IN f(z)dz ~ L {f (z0) + 2f (z1) + ... + 2f (zn_1) +f (zn)},

Zo

where the interval length h is given by Nh = zn — ¢, and z,, = z¢ + rh. Justify briefly this
approximation.

Use the Trapezium rule with intervals of unit length to evaluate approximately the integral

n
/ Inzdz,
1

where n(> 2) is an integer. Deduce that n! ~ g(n), where
g(n) = ntael ™,
and show by means of a sketch, or otherwise, that
n! < g(n).

By using the Trapezium rule on the above integral with intervals of width £—!, where k is a
positive integer, show that

v% ka4l E R1—n)
(kn)l = kln a(k) .

Determine whether this approximation or g(kn) is closer to/(&n)!.




STEP 11 1991 Question 5 (Pure)

5  Give arough sketch of the function tan* 6 for 0 < # < ;= in the two cases k = 1 and k > 1
(i.e. k is much greater than 1).

Show that for any positive integer n

J

NS

and deduce that

Show similarly that




STEP | 1987 Question 2 (Pure)

The region A between concentric circles of radii R + r, R — r contains n circles of radius
r. Each circle of radius r touches both of the larger circles as well as its two neighbours of
radius r, as shown in the figure. Find the relationship which must hold between n, R and r.

Show that Y, the total area of A outside the circle of radius » and adjacent to the circle of
radius R — r, is given by

Y = i/ R2 = r2/a(RA £)%— nnr? <%—l>

n

Find similar expressions for X, the total area of A outside the circles of radius r and adjacent
to the circle of radius R + r, and for'Z, the total area inside‘the circle of radius r.

What value does (X + Y')/Z approach when n becomes large?




STEP | 1989 Question 2 (Pure)

2 Forz > 0find [zlnzdz.

By approximating the area corresponding to fol zIn(1/z)dz by n rectangles of equal width
and with their top right-hand vertices on the curve y = zIn(1/z), show that, as n — oo,

(Db o) () 3) - om ()]

[You may assume that zlnz — 0 as z — 0.]




STEP 11l 1991 Question 7 (Pure)

7 ()

(i)

Prove that

™

lﬂ' lﬂ'
/2 In(sinz)dz = /2 In(cos ) dz = %/ In(sin 2z) dz — {7w1n2
0 0 0

D=

and ) .
/2 In(sin 2z) dz = %/ In(sinz) dz = /2 In(sin z) dz.
0 0 0

™

Hence, or otherwise, evaluate / In(sin z) dz.
0

N

[You may assume that all the integrals converge.]

Given that Inu < u for v > 1 deduce that

%lnm<\/5 for xz>1.

Deduce that i — 0 as z— oc andthat zln z — 0 as z — 0 through positive values.
xr

™

N

(iii) Using the results of parts (i) and (ii), or otherwise, evaluate / zcot z dx.

0




STEP 11 2004 Question 5 (Pure)

5 Evaluate [ zsinzdzand [J zcoszdz .
The function f satisfies the equation

fit)y=t+ /07r f(z) sin(z + t)dx . (%)

Show that
f(t) =t+ Asint + Bcost,

where A = [7 f(z)coszdz and B = [ f(z)sinzdz .
Find A and B by substituting for f(¢) and f(z) in (x) and equating coefficients of sint and cos .




STEP |1 2006 Question 7 (Pure)

f 4

)

(ii)

Sketch on the same axes the functions cosec z and 2z/, for 0 < z < w. Deduce that
the equation zsinz = w/2 has exactly two roots in the interval 0 < z < 7.

Jon

where « is the larger of the roots referred to above.

Show that

3 2
xsinx—;—r‘ dx=2sina+%—a1r—7r—2acosa—1

Show that the region bounded by the positive z-axis, the y-axis and the curve

y= Ie‘”—1|—1’

has arealn4 — 1.

10



STEP |1 2000 Question 3 (Pure)

3 For any number z, the largest integer less than or equal to z is denoted by [z|. For example,
(3.7 =3 and [4] = 4.

Sketch the graph of y = [z] for 0 < z < 5 and evaluate

/0 il

Sketch the graph of y = [¢*] for 0 < z < Inn, where n is an integer, and show that

Inn
/ [e®] dz = nlnn — In(n!).
0

11



STEP 11 2000 Question 5 (Pure)

5 It is required to approximate a given function f(z), over the interval 0 < z < 1, by the linear
function Az, where ) is chosen to minimise

1
/ (f(m) - )\x)2 dz.
0
Show that .
A= 3/ zf(x) dz.
0

The residual error, R, of this approximation process is such that

1
R% = / (f(z) — )\x)2 dz.
0
Show that .
R = / (f(z)) dz — LA2.
0
Given now that f(z) = sin(wz/n), show that (i) for large n, A ~ w/n and (ji) lim, . R = 0.

Explain why, prior to any calculation, these results are to be expected.
[You may assume that, when'@ is small, sinf ~ @ — :6° and cosf.~ 1 — 362

12



STEP 11 2003 Question 6 (Pure)

6 The function f is defined by
f(z) = |z -1],
where the domain is R, the set of all real numbers. The function g, = ", with domain R,
so for example gz(z) = f(f(f(x))) . In separate diagrams, sketch graphs of g; , g2, g3 and g4 .

The function h is defined by

h(z) = 'sin 7% ,

where the domain is R. Show that if n is even,

2n
™

[ (@) - ga(e) da =
0

NS

13



STEP 111 2003 Question 1 (Pure)

1 Giventhatz +a > 0and z + b > 0, and that b > a, show that

. ( x+ a) vVb—a
—— arcsin =
dz T+b (z+b)va+b+2z
and find d— arcosh ( ki b) :
dx T+a
Hence, or otherwise, integrate, forz > —1,
W [,
(x+1)vVz+3
28 1
(i) / —— —dz
(z+3)vVz+1
[You may use the results 4 arcsinz = _r and 4 arcosh z = S ]
3 dz V11— g? dz e 2—1

14



STEP |1 2012 Question 5 (Pure)

5 Show that .
/4 sin(2z) In(cosz) dz = i(ln2 -1),
0

and that

T

/ cos(2z) In(cosz) dz = é(ﬂ' —In4-2).
0

-

Hence evaluate

™

[ (cos(2z) + sin(2z)) In (cosz + sinz) dz.

™

N

15



STEP |1 2000 Question 4 (Pure)

. zb .1
4 (i) Show that, for 0 < z < 1, the largest value of @) is 16

(ii) Find constants A, B, C and D such that, for all z,

1 _d Az® + Bx3 + Cx n Dazb
(z2+1)4  dx (z2+1)3 (z2+1)4

(iii) Hence, or otherwise, prove that

11</1 | d<11+1
4 Jy @1 2416

16



STEP 11 2010 Question 8 (Pure)

8 The curves C; and Cs are defined by
y=e® (x>0) and y=e Tsinz (z>0),

respectively. Sketch roughly C; and C;, on the same diagram.

Let z,, denote the z-coordinate of the nth point of contact between the two curves, where
0 <z <z < ---, and let A,, denote the area of the region enclosed by the two curves
between z,, and z,,.1. Show that

. - 1(e27r . l)e—(4n+l)7r/2

n— 2

and hence find ZA"'

n=1

17



STEP 1l 2005 Question 3 (Pure)

3 Give a sketch, for 0 < z < 3, of the curve

y= (sinz —xcosz),

and showthat0 <y < 1.
Show that:

1

(i) / idp=g—T |
0 2

N

T 3
- 2 ™ T
i = I
(ii) /0 yde=_2-2

Deduce that 73 + 187 < 96.

18



STEP 11 2015 Question 6 (Pure)

6 (i) Show that

1
Hence integrate ———— with respect to .
1+sinz

(ii) By means of the substitution y = = — z, show that

/ zf(sinz) dz = E/ f(sinz) dz,
0 2 Jo

where f is any function for which these integrals exist.

™
/ L.dl'
o l+sinz

/" 2z & 3rz?
e dx
g (A +sinz)?

Hence evaluate

(iii) Evaluate

19



STEP 111 2015 Question 1 (Pure)

1 () Let

o2 1
In = /0 7(1 ry u2)n d'LL,

where n is a positive integer. Show that

1
I, - In+1 = %In
and deduce that
(2n)!m

Int1 = 22n+(pl)2 °

(ii) Let .
J = / f((z— z_1)2) dz,
0
where f is any function for which the integral exists. Show that

= oox_2 g )R =1 ¥ z72 z—z 1) dz = - u?) du
J—/O £(( ) da 2/ (1 + 2 )8 (( 1) d /Of( ™

0

(ili) Hence evaluate

00 x2n—2
/ < B E dz;
ol (@t—z2+1)n

where n is a positive integer.

20



STEP 11 1994 Question 4 (Pure)

4

By considering the area of the region defined in terms of Cartesian coordinates (z,y) by
{(z,y): 22 +42=1,0<y, 0<z < e},

show that

ifo<e<1.
Show that the area of the region defined by

1‘2 y2
{(z,y): a—2+—=1,0<y,0<$<0},

p ]
ab | ¢ A o i B
?la(l—a—z) i (a)]’

Suppose that 0 < b < a. Show that the area of intersection E N F of the two regions defined
by

if0<e<aand0<b.
2 42 g2 2
— Y — — < = R —<
E {(w,y) a2+b2\1} and F {(m,y) +a2 1}

b
dabsin~! (—) f
Va4 b?

21



STEP 11l 2011 Question 5 (Pure)

5

A movable point P has cartesian coordinates (z,y), where = and y are functions of t. The
polar coordinates of P with respect to the origin O are r and 6. Starting with the expression

%/rsz

for the area swept out by O P, obtain the equivalent expression

dy dx
1 R it
2/($ : Y t)dt. (%)

The ends of a thin straight rod AB lie on a closed convex curve C. The point P on the rod
is a fixed distance a from A and a fixed distance b from B. The angle between AB and the
positive z direction is ¢t. As A and B move anticlockwise round C, the angle ¢ increases from
0 to 27 and P traces a closed convex curve D inside C, with the origin O lying inside D, as
shown in the diagram.

Let (z,y) be the coordinates of P. Write down the coordinates of A and B in terms of a, b, z,
y and t.

The areas swept out by OA, OB and OP are denoted by [A], [B] and [P], respectively. Show,
using (x), that
[A] = [P] + ma® — af

po %/0% ((m—}- ((11_?;) cost + (y— ((ii_f) sint) dt.

Obtain a corresponding expression for [B] involving b. Hence show that the area between
the curves C and D is mab.

where

22



STEP |1 2017 Question 6 (Pure)

6 In this question, you may assume that, if a continuous function takes both positive and
negative values in an interval, then it takes the value 0 at some point in that interval.

(1)

(i)

(iii)

The function f is continuous and f(z) is non-zero for some value of = in the interval
0 < z < 1. Prove by contradiction, or otherwise, that if

/01 f(z)dz =0,

then f(x) takes both positive and negative values in the interval 0 < z < 1.

The function g is continuous and

1 1 1
/ glz)dz =1, / zg(z)de = a, / z?g(x)dz = o?. (*)
0 0 0
Show, by considering
1
[ @ ayea)da,
0
that g(x) = 0 for some value of & in the interval 0 < z < 1.

Find a function of the form g(x) = a + bz that satisfies the conditions (*) and verify
that g(z) = 0 for some value of « in the interval 0 < z < 1.

The function h has a continuous derivative h’ and

s 1
h(0) =0, h(1)=1, /()h(a:)dz:ﬂ, /()mh(z)dx:%ﬁ@—ﬁ).

Use the result in part (ii) to show that h'(z) = 0 for Some value of z in the interval
0<z <1,

23



STEP | 1996 Question 2 (Pure)

2 (i) Show that
an+1 -1

1
/0 A+ (a—1)z)" dz = —(n+1)(a—1)

when a # 1 and n is a positive integer.

(i) Show that if 0 < k < n then the coefficient of o* in the polynomial

/1 (az+(1—2z))" dz
0

(Z) /0 lxk(l — )" kdz.

(iii) Hence, or otherwise, show that

L nd _ kl(n—k)!
A xk(l—x) kdx—m

24



STEP 111 2013 Question 1 (Pure)

dt 2t
; _ 1 _1 P
1 Given that ¢ = tan 3z, show that 3= 3(1+t%) and sinz = I8
Hence show that
1
2 1 2 vi—a
———dz = ——arct O<ax<l).
/0 1+ asinz o \/1—a2arcan\/1+a ( ¢ )
Let .
2™ sin"zx
I, = —Fd = 0).
" /0 2 +sinzx o » )

By considering I,,+1 + 21,,, or otherwise, evaluate I3.

25



STEP 111 2016 Question 3 (Pure Mathematics)

3 (i) Given that

» 2 P(z) .
/ (£ e efdx = Q((l)) e” + constant ,
J (z T

where P(z)and Q(z) are polynomials, show that Q(z) has a factor of x + 1.

Show also that the degree of P(z) is exactly one more than the degree of Q(z), and
find P(z) in the case Q(z) =z + 1.

(ii) Show that there are no polynomials P(z) and Q(z) such that

1, P(z) |,
edr = e® + constant .
./w+1 Q(z)

You need consider only the case when P(z) and Q(z) have no common factors.

26



STEP |1 1994 Question 4 (Pure)

4 Show that
. 1—
(i) ﬂ = tan %a,
Sin &

(i) if |k < 1then/ - 22z+ i \/11——k2tan_1 (%) + C, where C'is a constant

of integration.

Hence, or otherwise, show that if 0 < oo < 7 then

/1 sin « T—Q
dz = .
o 1—2zcosa+ 2 2

27



STEP 11 2009 Question 7 (Pure)

T Lety = (z—a)"e*®*V/1 + 22, where n and a are constants and b is a non-zero constant. Show

that
dy (z—a)"'eP"q(z)

dz V1 + z2 ’

where q(z) is a cubic polynomial.

Using this result, determine:

o [ Metezd —1) |

V14?2 '

1)?1e12%(122% — 22 — 11)
ii dz;
(i) / V1422

(iii) ./(z_ 2)°e 411 fﬁ;w ~2) dz.

28



STEP 11l 2010 Question 2 (Pure)

2 In this question, a is a positive constant.
(i) Express cosha in terms of exponentials.

By using partial fractions, prove that

. 1
a
dz = — :
/0 x2 + 2z cosha + 1 2sinha

(ii) Find, expressing your answers in terms of hyperbolic functions,

/1 22 + 2zsinha —1 0

and

i 1
y 3 dz.
odhg* + 222 cosha + 1

29



STEP 11l 2006 Question 2 (Pure)

2 Let

0=

lr 2 T 2
1:/2 __ Y o and J:/ B0 4 dé

1.1 —sinfsin2a _1, 1+ tan? 6 cos? 2a
2 2
where 0 < a < y.

™

=

cos?

N

(i) Showthatr’ =/ df and hence that 21 =/ 2

1.1+ sinfsin2a _1, 1+ tan? 6 cos? 2«
2 2

(i) Find J.

(iii) By considering I sin? 2« + J cos® 2a, or otherwise, show that I = J7sec? a.

(iv) Evaluate I inthe case im < a < 3.

30



STEP | 2014 Question 2 (Pure)

2 (i) Showthat [In(2—z)dz=—(2—2)In(2—2z)+ (2—2z)+c, wherez < 2.
(ii) Sketch the curve A given by y = In |22 — 4.

(iii) Show that the area of the finite region enclosed by the positive z-axis, the y-axis and
the curve A is 4In(2 + v/3) — 2/3.

(iv) The curve Bis given by y = |In|2? — 4||. Find the area between the curve B and the
z-axis with |z| < 2.

[Note: you may assume that tInt — 0 as ¢t — 0.]

31



STEP | 1995 Question 2 (Pure)

2 (i) Suppose that

Sz/&dz and Tz/&dz.

cosT + sinx cosx + sinx

By considering S + T and S — T determine S and T'.

1
(i) Evaluate /2 (1 —4z)y/ = il by using the substitution = = sin?+.
1 T

R

32



STEP |1 2007 Question 3 (Pure)

3 Prove the identities cos* 6 — sin®@ = cos260 and cos? 6 + sin?f = 1 — %sin2 26. Hence or
otherwise evaluate
i

o o,
/ cos’#df and / sin” 6 df .
0 0

™

cos’0dfd and / sin®6 df .
0

N
N

Evaluate also

33



STEP |1 2005 Question 5 (Pure)

5 (i) Evaluate the integral
1
/ (z+1)*1 dz
0

inthecasesk #0andk =0.
k

Deduce that ~ln2whenk~0.

(ii) Evaluate the integral
1
/ z(z+1)™ dz
0

in the different cases that arise according to the value of m.

34



STEP 11 2013 Question 2 (Pure)

2 Forn >0, let :
Iy = / z"(1 —z)"dz.
0

(i) Forn > 1, show by means of a substitution that
1 1

/ "Y1 - z)dzx = / (1 —z)" ldz
0 0

and deduce that .
2/ " (1 -2z)"dz=1I,;.
0

Show also, for n > 1, that

B ¥ i 1
I":n+1/0 z" (1 —z)"dx

n

and hence that I,, = mln_l .

(ii) When n is a positive integer, show that

(n))*

In=-——__.
“(2n+1)!

(iii) Use the substitution 2 = sin? § to show that I1 = §» and evaluate 1 g.

1
2

35



STEP 11 2010 Question 2 (Pure)

2 Prove that

cos3z =4cos®z — 3cosz.

Find and prove a similar result for sin 3z in terms of sin z.

(i)

(i)

Let N
M) = / (7sinz — 8sin® z)dz .
0

Show that
() = —gc3+c+ g,

where ¢ = cos a. Write down one value of ¢ for which I(a) = 0.

Useless Eustace believes that

:on+1
. gin™ g
sin"zdz =
n+1

forn =1, 2, 3,.... Show that Eustace would obtain the correct value of 1(3), where

cosf3 = —é.

Find all values of « for which he would obtain the correct value of I(«).

36



STEP 11 2009 Question 5 (Pure)

5  Expand and simplify (vz — 1+ 1)2.

(i) Evaluate

» \/2:+2\/m—1 +\/z—2\/a:—1 d
.
5 \/LL‘—].

(ii) Find the total area between the curve

and the z-axis between the points z = 2 and z = 10.

(iii) Evaluate

/10 V+2vz—1 +Vz -2/ +1+2 .
5 ‘/11:2—1

4

37



STEP 11 2011 Question 6 (Pure)

6

For any given function f, let
1= [ @P K@, )

where n is a positive integer. Show that, if f(z) satisfies {”(z) = kf(z)f’(z) for some constant
k, then (x) can be integrated to obtain an expression for I in terms of f(z), f'(z), k and n.

(i) Verify your result in the case f(z) = tanz. Hence find

sinz
5 dx
COoS®°

(ii) Find
/.’sec2 z (secz + tan z)® dz .
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