STEP Past Papers by Topic

STEP Topic — Proof by Induction

STEP 11 1997 Question 2 (Pure)

2 Suppose that

Guess an expression, in terms of n, for z,,. Then, by induction or otherwise, prove the cor-
rectness of your guess.
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STEP 111 1990 Question 5 (Pure)

5 Prove that, for any integers n and r, with 1 < r < n,

1
0+ ()=
T r—1 T
Hence or otherwise, prove that

()™ = ™y 4 (f;) w1y 4 (;)u(n—z)v@) b ™,

. d"z
where 1 and v are functions of = and z(") means o
xr

Prove that, if y = sin~!y, then (1 — z2)y™*2) — (2n 4+ D)ay™tD) —n2y(™) = 0.
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STEP Il Specimen Question 1 (Pure)

1 (i) Guess an expression for

(D603

valud for n > 2, and prove by mathematical induction the correctness of your guess.

(ii) Show that, if n is a positive integer,

i(—l)T(:) =(—1)k(”k1), fork=0,1,...,n— 1.
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STEP 11 1999 Question 3 (Pure)

3 Let I
mB “ 7583
Sn(z) =e o (e™).
Show that Sy(z) = 9z* — 6z and find S3(z).
Prove by induction on » that S, (x) is a polynomial. By means of your induction argument,
determine the order of this polynomial and the coefficient of the highest power of z.

Show also that if % = (0 for some value a of z, then S,,(a)S,+1(a) < 0.
T
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STEP 111 2000 Question 8 (Pure)

8 The sequence a,, is definedby ap=1,a1 =1, and

1+4+a2_
an = —2— (n=2).
an—2
Prove by induction that

Hence show that
a2n—1 +a—(2n—l)

V5

an —

1+
2

=

where a =
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STEP 1 1994 Question 7 (Pure)

7

From the facts

il

2+3+4

94047 + 849
10+114+124134+14+15+16

guess a general law. Prove it.
Hence, or otherwise, prove that

1+38
8 + 27
27 + 64

13422 4+3+...+ N> = IN*(NV +1)?

for every positive integer N.

[Hint. You may assume that1+2+3+---+n = 3n(n+1).]
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STEP 1 1995 Question 3 (Pure)

3 () 1ff(r) is a function defined for r = 0,1,2,3, ..., show that
> {f(r) — f(r — 1)} = f(n) — £(0).
r=1
(ii) 1ff(r) = 72(r + 1)?, evaluate f(r) — f(r — 1) and hence determine ZrB.
r=1

(ili) Find the sum of the series 13 — 23 +3% — 43 ... 4+ (2n + 1)3.
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STEP 11 1994 Question 6 (Pure)

6 Prove by induction, or otherwise, that, if 0 < 6 < =,

1t 9+1t 9+ +1t i L te t o
—tan - + — tan — + -+ -+ — tan — = — cot — — cot #.
2 2 22 22

Deduce that
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STEP 111 2009 Question 7 (Pure)

7 (i) The functions f,,(x) are definedforn =0, 1, 2, ... , by

1 dfy,
fo(z) = and  fp1(z) = di“’“) .

Prove, for n > 1, that

(1 + 2t 1(x) + 2(n + zf, () + n(n+ 1)f,_1(z) = 0.

(ii) The functions P, (z) are definedforn =0, 1,2, ... ,by
Po(z) = (14 2)" ", ().
Find expressions for Py(z), P1(z) and Py(z).
Prove, for n = 0, that

dPp(z)
dz

Poia(z) — (L4 2%) +2(n+1)zP,(z) =0,

and that P, (z) is a polynomial of degree n.
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STEP 111 2011 Question 7 (Pure)

7 Let
To= (Va+1++va)",

where n is a positive integer and a is any given positive integer.
(i) Inthe case when n is even, show by induction that 7;, can be written in the form

Ap+ Bpv/a(a+1),

where A,, and B,, are integers (depending on a and n) and A% = a(a + 1)B2 + 1.

(ii) Inthe case when n is odd, show by considering (v/a + 1 + y/a)T,, where m is even, or
otherwise, that 7,, can be written in the form

CnVa+1+ Dpy/a,

where C,, and D,, are integers (depending on a and n) and (a + 1)C? = aD? + 1.

(iii) Deduce that, for each n, T;, can be written as the sum of the square roots of two con-
secutive integers.

10
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STEP 11 2015 Question 3 (Pure)

3 Three rods have lengths a, b and ¢, where a < b < ¢. The three rods can be made into a
triangle (possibly of zero area) ifa + b > c.

Let 7;, be the number of triangles that can be made with three rods chosen from n rods of
lengths 1, 2, 3, ..., n (where n > 3). Show that Ty — 77 = 2 + 4 + 6 and evaluate Tz — Tj.
Write down expressions for 15, — To,,—1 and To,,, — Ty, —o.

Prove by induction that T5,, = gm(m — 1)(4m + 1), and find the corresponding result for an
odd number of rods.

11
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