STEP Past Papers by Topic

STEP Topic — Trigonometry

STEP Il Specimen Question 5 (Pure)

5

The equation

sinT = Az, x =0,
where A > 0, has a finite number N of non-zero solutions z,,,7 = 1, ..., N, where N depends
on A, provided A < 1.

(i) Show by a graphical argument that there are no non-zero solutions for A > 1. Show
also that for A = 1 — €% with ¢ > 0 and very small compared to 1, there is a non-zero
solution approximately equal o ¢/6.

(ii) Suppose that N = 2R 41 where R is an integeryand that 1 < z9 < -+ < xop41. By
drawing an appropriate graph, explain why

2n -2t <zogp1 < (2n—-1)w forn=1,...,R+1,
2nm < Top <(2n+%)7r forn=1,...,R.

Hence derive an approximate value for IV in terms of A, when X is very small.
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STEP 11 1988 Question 5 (Pure)

5 By considering the imaginary part of the equation z” = 1, or otherwise, find all the roots of
the equation
t8 — 211 4 35t> — 7 = 0.
You should justify each step carefully.
Hence, or otherwise, prove that

2 4 67
tan7tan7tan7 = \/7

Find the corresponding result for

2 4 (n—1)m
tan — tan — - - - tan ————
n n n

in the two cases n =9 and n = 11.
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STEP 111 1990 Question 4 (Pure)

4 Given that sin 8 # 0, sum the series
cosa + cos(a+28) + - -- + cos(a+ 2rf) + - - - + cos(a + 2np)

and
cos a + (Tll) cos(a+2B) + -+ (Z) cos(a+2rB) + - - - + cos(a + 2np).

Given that sin 6 # 0, prove that

sin(n + 1)0 sec™ 0

1+ cos@secf + cos 20sec? @ + - - - + cosrfsec” O + - - - + cosnhsec™ § = —
sin
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STEP 11 1991 Question 4 (Pure)

4 Lety = cos ¢+cos2¢, where ¢ = ?ﬁ Verify by direct substitution that y satisfies the quadratic
equation 2y = 3y + 2 and deduce that the value of y is —%.

Letd = 21—7; Show that
16

ZCOS k6 = 0.

k=0
If 2 = cos @ + cos 20 + cos 40 + cos 86, show that the value of z is —(1 — v/17) /4.
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STEP 111 1988 Question 6 (Pure)

6 Let f(x) = sin 2z cos z. Find the 1988th derivative of f(z).

Show that the smallest positive value of z for which this derivative is zero is %w + ¢, where e
is approximately equal to
371988\/5

2
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STEP 11 1987 Question 2 (Pure)

2 Show that if at least one of the four angles A + B + C' is a multiple of =, then

sin? A + sin* B + sin* C — 2sin? Bsin? C — 2sin? C'sin® A
— 2sin? Asin® B + 4sin? Asin® Bsin? ¢ = 0.
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STEP 11 1990 Question 2 (Pure)

2 Prove thatif A+ B+ C + D =, then
sin (A + B)sin(A+ D) —sin Bsin D = sin Asin C.
The points P, @, R and S lie, in that order, on a circle of centre O. Prove that

PQ x RS+QRx PS=PRxQS5.
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STEP 1 1987 Question 7 (Pure)

7 Sum each of the series

Hlagg) "o 23 ) T o3 23 23
sin 2£ — sin 61 + sin 10—?( — .+ —sin %—W + sin 42—“.
23 23 23 23 23 /7

giving each answer in terms of the tangent of a single angle.

and

[No credit will be given for a numerical answer obtained purely by use of a calculator.]
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STEP 1 1991 Question 1 (Pure)

1 If 6+ ¢ +v = L, show that
sin? @ + sin® ¢ + sin® 1) + 2sin fsin psinyp = 1.
By taking 0 = ¢ = %n in this equation, or otherwise, show that sin 1—107r satisfies the equation

823 + 822 —1=0.
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STEP 11 2002 Question 4 (Pure)

4 Give a sketch to show that, if f(z) > 0 for p < z < ¢, then qu f(z)dx > 0.

(i) By considering f(z) = ax? — bz + ¢ show that, if a > 0 and b? < 4ac, then 3b < 2a + 6c.

(i) By considering f(z) = asin?z — bsinz + ¢ show that, if @ > 0 and b? < 4ac, then
4b < (a +2c)7 .

(iii) Show that, if a > 0, b?> < 4acand ¢ > p > 0, then

bIn(q/p) <a (119 - é) +clg—p) -

10
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STEP 111 2004 Question 5 (Pure)

5 Show that if cos(z — @) = cos then either tanz = tan(a + ) or tanz = tan(a — ). By
choosing suitable values of z, « and 3, give an example to show that if tan z = tan(a + 3),
then cos(z — ) need not equal cos 3.

Let w be the acute angle such that tanw = 3.

(i) For0 < z < 2w, solve the equation
cosT — 7sinx =5

giving both solutions in terms of w .

(ii) For 0 < z < 2w, solve the equation
2cosx + 1lsinz = 10

showing that one solution is twice the other and giving both in terms of w .

11
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STEP 11 1997 Question 6 (Pure)

6  Showthat, if tan®¢ = 2tan¢ + 1, then tan 2¢ = —1.
Find all solutions of the equation

tand = 2 4 tan 30
which satisfy 0 < 8 < 27, expressing your answers as rational multiples of =.
Find all solutions of the equation the equation

cot @ = 2 + cot 36

which satisfy

m
—— <0< .
2 2

12
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STEP 1 2005 Question 4 (Pure)

. . ; 24
4 (i) Given that cosf = g and that 3; < 0 < 27, show that sin20 = ~55 and evaluate
cos 30 .

3tanf — tan3 6

(ii) Prove the identity tan30 = ~—————

Hence evaluate tan 6, given that tan 36 = 12—1 and that g <6< g :

13
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STEP 11 1999 Question 5 (Pure)

5 Show that if « is a solution of the equation
Heosz + 12sinz =7,

then either

35 — 12+/120

cCostt = ——————

169
or cos a has one other value which you should find.

Prove carefully that if ;7 < o <, then a < 7.

14
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STEP 11 2005 Question 4 (Pure)

4 The positive numbers a, b and ¢ satisfy bc = a? + 1. Prove that

1 1 1
tan~' [ —— ) +tan! [ —— )| =tan"' [ = ).
a-+b a+ec a

The positive numbers p, ¢, r, s, t, u and v satisfy
st=@+q’+1, w=@P+r*’+1, q=p*+1.

Prove that

tan_l(zﬂ_l_i_) +tan_1(p+1+t) + tan_l(p_*_l_l_) + tan_l(p_*_l_+_> = tan_l(;) .
qg+s q r+u r+v

Hence show that

tan~! l -+—tan_1 i +tan~! i + tan ™! L = tan"! l .
13 21 82 187 7

[ Note that arctan z is another notation for tan— .z . ]

15
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STEP 111 2007 Question 1 (Pure)

1 In this question, do not consider the special cases in which the denominators of any of your
expressions are zero.

Express tan(6; + 6, + 03 + 64) in terms of ¢;, where t; = tan 6, , etc.
Given that tan 64, tan 69, tan 3 and tan 64 are the four roots of the equation

at* + b3 +ct? +dt+e=0

(where a # 0), find an expression in terms of a, b, ¢, d and e for tan(6; + 02 + 03 + 64).
The four real numbers 61, 62, 63 and 6,4 lie in the range 0 < 6; < 27 and satisfy the equation

pcos26 + cos(f —a)+p=0,

where p and « are independent of §. Show that 6; + 65 + 65 + 64, = nx for some integer n.

16
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STEP 1 2010 Question 3 (Pure)

3

Show that
sin(z +y) —sin(z —y) = 2cosz siny
and deduce that
sin A —sin B =2cos 3(A+ B) sin1(A— B).

Show also that
cos A —cos B=—2sin (A + B) sin 3(A — B).

The points P, @, R and S have coordinates (a cos p, bsin p), (acosgq,bsingq), (acosr, bsinr)
and (a cos s, bsin s) respectively, where 0 < p < ¢ < r < s < 27, and a and b are positive.

Given that neither of the lines PQ and SR is vertical, show that these lines are parallel if and
only if
r+s—p—q=2m.

17
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STEP 1 2003 Question 3 (Pure)

38 (i) Show that2sin(}6) = sin@ if and only if sin($6) = 0.
(i) Solve the equation 2tan(36) = tan6.

(iii) Show that 2(}08(%9) = cosf if and only if # = (4n + 2)7 + 2¢ where ¢ is defined by
cosp = 3(v3—1),0< ¢ < §m, and n is any integer.

18
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STEP 11 2007 Question 4 (Pure)

4

Given that cos A, cos B and 3 are non-zero, show that the equation
asin(A — B) + Bcos(A + B) = vsin(A + B)

reduces to the form
(tanA —m)(tanB —n) =0,

where m and n are independent of A and B, if and only if a? = 5% + +2.
Determine all values of z, in the range 0 < z < 2, for which:

() 2sin(z — im) + V3cos(z + in) =sin(z + in);
(i) 2sin(z — §m) + V3cos(z + gm) = sin(z + §m);

(iii) 2sin(z + 3m) + V3 cos(3z) = sin(3z).

19
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STEP 11 2001 Question 4 (Pure)

4 Let
f(x) = Psinz + Qsin2z + Rsin3x .

Show that if Q* < 4R(P — R), then the only values of z for which f(z) = 0 are given by
x = mm, where m is an integer.
[You may assume that sin 3z = sin z(4 cos®z — 1).]

Now let
g(x) = sin 2nx + sin4nz — sin 6nz,

where n is a positive integer and 0 < = < %71'. Find an expression for the largest root of the
equation g(z) = 0, distinguishing between the cases where n is even and n is odd.

20
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STEP 11 2003 Question 2 (Pure)

2 Write down a value of § in the interval {7 < 6 < 3= that satisfies the equation
4cosf +2v3 sinh =5 .
Hence, or otherwise, show that

m = 3arccos(5/v/28) + 3arctan(v3/2) .

Show that
m = 4arcsin(7v/2/10) — 4 arctan(3/4) .

21
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STEP 1 2007 Question 2 (Pure)

2 (i) Giventhat A = arctani and that B = arctan ; (where A and B are acute) show, by
considering tan (A + B), that A+ B = .

The non-zero integers p and ¢ satisfy

1
arctan — + arctan — =

N

Show that (p — 1) (¢ — 1) = 2 and hence determine p and q.

(ii) Letr, s and ¢ be positive integers such that the highest common factor of s and ¢ is 1.
Show that, if

1 s T
arctan — + arctan =—,
T s+t 4

then there are only two possible values for £, and give r in terms of s in each case.

22


http://www.oxbridgemind.co.uk/

STEP 1 2001 Question 4 (Pure)

3tand — tan36

1 — 3tan240
Given that § = cos™1(2/+v/5) and 0 < 6 < 7/2, show that tan30 = 11/2.
Hence, or otherwise, find all solutions of the equations

4 Show that tan 30 =

() tan(3cos™lz)=11/2,

(i) cos(% tan~ly) =2/v5.

23
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STEP 111 2002 Question 2 (Pure)

2 Prove that arctan a + arctan b = arctan (M) when0<a<land0O<b< 1.
—a

Prove by induction that, forn > 1,

En arctan ; = arctan o
ot r24r4+1) " n+2
and hence find

> 1
E arctan [ —— ) .
r24+r+1

r=1

Hence prove that

24
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STEP 1 2015 Question 2 (Pure)

V341
2v/2

2 (i) Show that cos15° = and find a similar expression for sin 15°.

(ii) Show that cos « is a root of the equation

4m3—393—0053af:0,

and find the other two roots in terms of cos a and sin a.

(iii) Use parts (i) and (i) to solve the equation y* — 3y — v/2 = 0, giving your answers in
surd form.

25
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STEP 11 2011 Question 4 (Pure)

4 (i) Find all the values of 6, in the range 0° < 6 < 180°, for which cosf = sin46. Hence

show that 4
i °=_ —-1).
sin 18 1 (\/5 )

(ii) Given that
4sin’z + 1 = 4sin? 2z,

find all possible values of sin z , giving your answers in the form p + ¢1/5 where p and ¢
are rational numbers.

(iii) Hence find two values of a with 0° < a < 90° for which

sin? 3a + sin? 5a. = sin? 6a.

26
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STEP 11 2009 Question 3 (Pure)

(%)

3 Prove that
tan (%w — %:v) =gecr —tanz.

() Use (x) to find the value of tan ;7. Hence show that

tap Ly V3+v2-1
2 B =B

(i) Show that
‘/fzt—‘\g;i:z+\/§+\/§+\/€.

(iii) Use (x) to show that

tan%wz\/16+10\/§+8\/§+6\/6 -2-v2-v3-+6.

27
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STEP 1 2011 Question 3 (Pure)

3 Prove the identity
4sinfsin(3m — 6) sin(3m + 0) = sin36. (%)

(i) By differentiating (*), or otherwise, show that

cot §m — cot %ercot%Tr:\/g.

(ii) By setting 8 = %w — ¢ in (*), or otherwise, obtain a similar identity for cos 3¢ and deduce
that
cot 6 COt(%?’i’ —0) COt(%ﬂ' +6) = cot 36.

Show that

cosec %7’( — cosec gﬂ' -+ cosec g’i’f = 2\6

28
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STEP 11 2008 Question 6 (Pure)

6 A curve has the equation y = f(z), where

f(xz) = cos (2a:+ g) + sin (%ﬂ - %)

(i) Find the period of f(z).

(ii) Determine all values of z in the interval —n < z < = for which f(z) = 0. Find a value
of z in this interval at which the curve touches the z-axis without crossing it.

(iii) Find the value or values of z in the interval 0 < = < 2« for which f(z) = 2.

29
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