STEP Past Papers by Topic

STEP Topic — Vector Geometry

STEP | 2016 Question 6 (Pure Mathematics)

6 The sides OA and CB of the quadrilateral OABC are parallel. The point X lies on OA,
between O and A. The position vectors of A, B, C' and X relative to the origin O are a, b,
c and x, respectively. Explain why ¢ and x can be written in the form

c=ka+b and x=ma,

where k and m are scalars, and state the range of values that each of £k and m can take.

The lines OB and AC intersect at-D, the lines XD and BC intersect at Y and the lines OY
and AB intersect at Z. Show that the position vector of Z relative to O can be written as

b+ mka
mk+1 "~
The lines DZ and OA intersectrat T'. Show that

1 1 1

OT x OA=0X xTA and 6T=O—X+m,

where, for example, OT denotes the length of the line joining O and T'.
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STEP 11 2017 Question 8 (Pure)

All vectors in this question lie in the same plane.

The vertices of the non-right-angled triangle ABC have position vectors a, b and ¢, respec-
tively. The non-zero vectors u and v are perpendicular to BC and C A, respectively.

Write down the vector equation of the line through A perpendicular to BC, in terms of u, a
and a parameter A.

The line through A perpendicular to BC' intersects the line through B perpendicular to C'A
at P. Find the position vector of P in terms of a, b, ¢ and u.

Hence show that the line C'P is perpendicular to the line AB.
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STEP 11 2003 Question 5 (Pure)

5 The position vectors of the points A, B and P with respect to an origin O are «ai, bj and
li + mj + nk, respectively, where a, b, and n are all non-zero. The points E, F, G and H
are the midpoints of OA, BP, OB and AP, respectively. Show that the lines EF and GH
intersect.

Let D be the point with position vector dk, where d is non-zero, and let S be the point of
intersection of EF and GH. The point T is such that the mid-point of DT is S. Find the
position vector of 7" and hence find d in terms of n if T' lies in the plane OAB.
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STEP 1 2014 Question 7 (Pure)

7 In the triangle O AB, the point D divides the side BO in the ratio r : 1 (so that BD = rDQ),
and the point £ divides the side O A in the ratio s : 1 (so that OF = sE A), where r and s are

both positive.
(i) Thelines AD and BE intersect at G. Show that

rs 1
= a+
1+r+rs 1+r+rs

g

where a, b and g are the position vectors with respect to O of A, B and G, respectively.

(ii) The line through G and O meets AB at F. Given that F divides AB in the ratio ¢ : 1,
find an expression for ¢ in terms of r and s.
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STEP 11 2008 Question 8 (Pure)

8 The points A and B have position vectors a and b, respectively, relative to the origin O. The
points A, B and O are not collinear. The point P lies on AB between A and B such that

AP :PB=(1-A):A\.

Write down the position vector of P in terms of a, b and A. Given that OP bisects L AOB,
determine X in terms of a and b, where a = |a| and b = |b|.

The point @ also lies on AB between A and B, and is such that AP = BQ. Prove that

0Q*>—OP? = (b—a)’.
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STEP 11 2011 Question 5 (Pure)

5 The points A and B have position vectors a and b with respect to an origin O, and O, Aand B
are non-collinear. The point C, with position vector c, is the reflection of B in the line through
O and A. Show that ¢ can be written in the form

c=Ma—-b

where )\ = @.
a.a

The point D, with position vector d, is the reflection of C in the line through O and B. Show
that d can be written in the form
d=ub-—a

for some scalar . to be determined.

Given that A, B and D are collinear, find the relationship between A\ and . In the case
A = —1, determine the cosine of ZAOB and describe the relative positions of A, B and D.
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STEP 111 2013 Question 3 (Pure)

3 The four vertices F; (i = 1, 2, 3, 4) of a regular tetrahedron lie on the surface of a sphere with
centre at O and of radius 1. The position vector of F; with respectto O is p; (i = 1,2,3,4).
Use the fact that p; + p2 + p3 + ps = 0 to show that p;.p; = —% for i # j.

Let X be any point on the surface of the sphere, and let X P; denote the length of the line
joining X and P; (i = 1,2, 3,4).

(i) By writing (XP;)? as (p; — x). (p; — x), where x is the position vector of X with respect
to O, show that

4
> (XP)*=38.
i=1

(ii) Given that P, has coordinates (0,0, 1) and that the coordinates of P, are of the form
(a,0,b), where a > 0, show that a = 21/2/3 and b = —1/3, and find the coordinates of
P;and Py.

(iii) Show that
4 4
PXP)I=4Y (1 -x.pi).
i=1 =1
4
By letting the coordinates of X be (z,y, z), show further that 5~ (X P)* is independent

i=1

of the position of X.
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STEP 11 2007 Question 8 (Pure)

8 The points B and C have position vectors b and c, respectively, relative to the origin A, and
A, B and C are not collinear.

(i) The point X has position vector sb + tc. Describe the locus of X when s +¢ = 1.

(ii) The point P has position vector b + ~vc, where 3 and ~ are non-zero, and 3 + v # 1.
The line AP cuts the line BC at D. Show that BD : DC =~ : 5.

(iii) The line BP cuts the line CA at E, and the line C'P cuts the line AB at F. Show that

AF _BD CE _

FEC R EA Y
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STEP 1 2010 Question 7 (Pure)

7

Relative to a fixed origin O, the points A and B have position vectors a and b, respectively.
(The points O, A and B are not collinear.) The point C' has position vector ¢ given by

c=aa+ 8b,

where « and 3 are positive constants with o+ 3 < 1. The lines OA and BC meet at the point
P with position vector p and the lines OB and AC meet at the point @ with position vector q.

Show that
aa

1-58"

p:

and write down q in terms of a, 5 and b.
Show further that the point R with position vector r given by

,_oa + b
- a+pB ]
lies on the lines OC and AB.
The lines OB and PR intersect at the point S., Prove that % = @
R - BQ ~ BS’



http://www.oxbridgemind.co.uk/

STEP 11 2009 Question 8 (Pure)

8 The non-collinear points A, B and C have position vectors a, b and c, respectively. The
points P and (7 have position vectors p and q, respectively, given by

p=Xa+(1-MANb and q=pa+(1—pu)c

where 0 < XA < 1 and p > 1. Draw a diagram showing A, B, C, P and Q.

Given that CQ x BP = AB x AC, find 1 in terms of A, and show that, for all values of A, the
the line PQ passes through the fixed point D, with position vectord givenbyd = —a+ b + c.
What can be said about the quadrilateral ABDC?

10
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STEP 11 2011 Question 11 (Mechanics)

11 Three non-collinear points A, B and C lie in a horizontal ceiling. A particle P of weight W is
suspended from this ceiling by means of three light inextensible strings AP, BP and CP, as
shown in the diagram. The point O lies vertically above P in the ceiling.

P

The angles AOB and AOC are90° + @ and 90° + ¢, respectively, where ¢ and ¢ are acute
angles such that tan 6 = +/2 and tan ¢ —= /2.

The strings AP, BP and C Pmake angles 30°, 90° — # and 60°, respectively, with the vertical,
and the tensions in these strings have magnitudes 7", U and V' respectively.

(i) Show that the unit vector.in the direction P B can be written in the form

L V2 ive,

_g 1 3 J + \/g )
where i, j and k are the usual mutually perpendicular unit vectors with j parallel to O A
and k vertically upwards.

(ii) Find expressions in vector form for the forces acting on P.

(ili) Show that U = /6V and find T, U and V in terms of W.

11
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STEP 11 2006 Question 8 (Pure)

8

Show that the line through the points with position vectors x and y has equation
r=(1-a)x+ay,

where « is a scalar parameter.

The sides OA and C'B of a trapezium OABC are parallel, and OA > CB. The point E on
OAissuchthat OF : EA =1: 2, and F'is the midpoint of CB. The point D is the intersection
of OC produced and AB produced; the point GG is the intersection of OB and EF; and the
point H is the intersection of DG produced and OA. Let a and c be the position vectors of
the points A and C, respectively, with respect to the origin O.

(i) Show that B has position vector Aa + ¢ for some scalar parameter \.

(ii) Find, in terms of a, ¢ and ) only, the position vectors of D, E, F, G and H. Determine
the ratio OH : HA.

12
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STEP 11 2012 Question 7 (Pure)

7 Three distinct points, X, X5 and X3, with position vectors x;, xs and x3 respectively, lie on a
circle of radius 1 with its centre at the origin O. The point G has position vector %(xl +X2+X3).
The line through X; and G meets the circle again at the point Y; and the points Y, and Y3
are defined correspondingly.

Given that CW; = —\1G X1, where )\ is a positive scalar, show that
O‘YI = 3((1 = 2X1)x1 + (14 A1) (x2 +x3))

and hence that
L, B=ia ==y
T 3+a-26-2¢
where a = x5.X3, 8 = x3.x; and v = x; . Xs.

GX;  GX;  GX3

Deduce that oY, + CY, - oYs

A1

3.

13
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STEP 11 2010 Question 5 (Pure)

5 The points A and B have position vectors i + j + k and 5i — j — k, respectively, relative to the
origin O. Find cos 2a, where 2« is the angle ZAOB.

(i) The line L, has equation r = A\(mi + nj + pk). Given that L, is inclined equally to OA
and to OB, determine a relationship between m, n and p. Find also values of m, n and p
for which L, is the angle bisector of ZAOB.

(ii) The line Ly has equation r = p(ui + vj+ wk). Given that L, is inclined at an angle o to
OA, where 2a = ZAOB, determine a relationship between u, v and w.

Hence describe the surface with Cartesian equation z2 + y? + 22 = 2(yz + zx + zy).

14
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STEP 11 2015 Question 8 (Pure)

The diagram above shows two non-overlapping circles C; and C- of different sizes. The lines
L and L’ are the two common tangents to C; and C5 such that the two circles lie on the same
side of each of the tangents. The lines L and L’ intersect at the point P which is called the
focus of C; and Cs.

(i) Let x; and x5 be the position vectors of the centres of C; and Cs, respectively. Show

that the position vector of P is
T1X2 —+ Ta2X]

TL—=T2
where r1 and r» are the radii of C; and Cs, respectively.

(ii) The circle C; does not overlap either Cyor €, and its radius, r3, satisfies r; # ry # ro.
The focus of C; and Cj is @, and thefocus of Cy and C3 is R. Show that P, Q and R
lie on the same straight line.

(iii) Find a condition on r1, r and r3 for @ to lie half-way between P and R.

15
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STEP 11 1988 Question 10 (Pure)

10

The surface S in 3-dimensional space is described by the equation

a-r+ar=a2,

where r is the position vector with respect to the origin O, a(# 0) is the position vector of a
fixed point, » = [r| and a = |a|. Show, with the aid of a diagram, that S is the locus of points
which are equidistant from the origin O and the plane r - a = a?.

The point P, with position vector p, lies in S, and the line joining P to O meets S again at Q.
Find the position vector of ().

The line through O orthogonalto p and a meets S at 7"and 7”. Show that the position vectors
of T"and 7" are
1
+——=a x p,
v/ 2ap — a?
where p = |p|.
Show that the area of the triangle PQT is

ap?

2p—a’

16
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STEP 1 1989 Question 3 (Pure)

3 In the triangle OAB, (ﬂ = a, @ =b and OA = OB = 1. Points C and D ftrisect AB (i.e.
AC =CD = DB = %AB). X and Y lie on the line-segments OA and OB respectively, in
such a way that CY and DX are perpendicular, and OX + OY = 1. Denoting OX by =z,
obtain a condition relating =z and a - b, and prove that

8

— <a:bgl.

7 S a-bgl1
If the angle AOB is as large as possible, determine the distance OFE, where E is the point of
intersection of CY and DX.

17
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STEP 11 1989 Question 10 (Pure)

10

State carefully the conditions which the fixed vectors a, b,u and v must satisfy in order to
ensure that the line r = a+\u intersects the line r = b + v in exactly one point.

Find the two values of the fixed scalar & for which the planes with equations

r+y+bz=0+2
y } %)

br+by+2z=2b+1

do not intersect in a line. For other values of b, express the line of intersection of the two
planes in the formr = a+ Au, wherea - u = 0.

Find the conditions which b and the fixed scalars ¢ and d must satisfy to ensure that there is

exactly one point on the line
0 1
() (2)
c 0

whose coordinates satisfy both equations (x).

18
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STEP Il Specimen Question 9 (Pure)

9 (i)

(i)

Let a and b be given vectors with b # 0, and let x be a position vector. Find the condition
for the sphere |x| = R, where R > 0, and the plane (x — a) - b = 0 to intersect.

When this condition is satisfied, find the radius and the position vector of the centre of
the circle in which the plane and sphere intersect.

Let ¢ be a given vector, with ¢ # 0. The vector x’ is related to the vector x by

2 c
20
e

Interpret this relation geometrically.

19
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STEP 1 1990 Question 6 (Pure)

6 Let ABCD be a parallelogram. By using vectors, or otherwise, prove that:
(i) AB? + BC? +CD? 4+ DA% = AC? + BD?;

(ii) |AC‘2 — BD2| is 4 times the area of the rectangle whose sides are any side of the par-
allelogram and the projection of an adjacent side on that side.

State and prove a result like (ii) about | AB> — AD?| and the diagonals.

20
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STEP 11 1993 Question 4 (Pure)

4 Two non-parallel lines in 3-dimensional space are given by r = p; +¢1m; and r = py + tomy
respectively, where m; and my are unit vectors. Explain by means of a sketch why the
shortest distance between the two lines is

|(P1 — P2) - (m; X my)|
|(m; x my)|

(i) Find the shortest distance between the lines in the case
P1=(21-1) p2=(10,-2) my=3(430 my=75(0,-31).
(ii) Two aircraft, A; and A, are flying in the directions given by the unit vectors m; and my

at constant speeds v; and vs. Attime ¢t = 0 they pass the points p; and p», respectively.
If d is the shortest distance between the two aircraft during the flight, show that

g2 — [P1=pol* Jormy — vamy|® — [(p1 — po) - (vymy — vomy))?
|[v1m; — vymy|®

(iii) Suppose that v, is fixed. The pilot of A, has chosen v, so that A, comes as close as
possible to A;. How close is that, if pi, p2;m; and my are as.in (i)?

21
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STEP 111 1995 Question 8 (Pure)

8 A plane 7 in 3-dimensional space is given by the vector equation r - n = p, where n is a unit
vector and p is a non-negative real number. If x is the position vector of a general point X,
find the equation of the normal to = through X and the perpendicular distance of X from =.

The unit circles C;, i = 1,2, with centres r;, lie in the planes «; given by r - n; = p;, where
the n; are unit vectors, and p; are non-negative real numbers. Prove that there is a sphere
whose surface contains both circles only if there is a real number A such that

ry + An; = rg + Ans.
Hence, or otherwise, deduce the necessary conditions that
(I‘1 —1‘2) s (n1 X n2) =0

and that
(pr —n1-12)? = (p2 —na - 11)°.

Interpret each of these two conditions geometrically.

22
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STEP 111 1998 Question 8 (Pure)

8 (i) Show that the line r = b+ Am, where m is a unit vector, intersects the sphere r - r = a?
at two points if

a’>b.b—(b-m)?.

Write down the corresponding condition for there to be precisely one point of intersec-
tion. If this point has position vector p, show that m - p = 0.

(if) Now consider a second sphere of radius e and a plane perpendicular to a unit vector n.
The centre of the sphere has position vector d and the minimum distance from the origin

to the plane is [. What is the condition for the plane to be tangential to this second
sphere?

(iii) Show that the first and second spheres intersect at right angles (i.e. the two radii to each
point of intersection are perpendicular) if

d-d=2d.

23
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STEP 11 1998 Question 8 (Pure)

8 Points A, B, C in three dimensions have coordinate vectors a, b, ¢, respectively. Show that
the lines joining the vertices of the triangle ABC to the mid-points of the opposite sides meet
at a point R.
P is a point which is not in the plane ABC. Lines are drawn through the mid-points of BC,
CA and AB parallelto PA, PB and PC respectively. Write down the vector equations of the
lines and show by inspection that these lines meet at a common point Q.

Prove further that the line PQ meets the plane ABC at R.

24
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STEP 11 2000 Question 7 (Pure)

7

The line [ has vector equation r = \s, where
s=(cos@+V3)i+ (v/2 sinh) j+ (cosd —V3) k

and )\ is a scalar parameter. Find an expression for the angle between ! andtheliner = p(ai+ bj + ck).
Show that there is a line m through the origin such that, whatever the value of 4, the acute
angle between [ and m is 7/6.

A plane has equation z — z = 4/3. The line | meets this plane at P. Show that, as 6 varies,
P describes a circle, with its centre on m. Find the radius of this circle.

25


http://www.oxbridgemind.co.uk/

STEP 11 2004 Question 6 (Pure)

6 The vectors a and b lie in the plane TI. Given that |a| = 1 and a.b = 3, find, in terms of a
and b, a vector p parallel to a and a vector q perpendicular to a, both lying in the plane II,
such that

p+gq=a+b.

The vector ¢ is not parallel to the plane IT and is such that a.c = —2 and b.c = 2. Given that
|b| =5, find, in terms of a, b and c, vectors P, Q and R such that P and Q are parallel to p
and q, respectively, R is perpendicular to the plane I and

P+Q+R=a+b+c.

26
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STEP 1 1995 Question 7 (Pure)

7 Let A, B, C be three non-collinear points in the plane. Explain briefly why it is possible to
choose an origin equidistant from the three points. Let O be such an origin, let G be the

centroid of the triangle ABC, let Q be a point such that GO — 20, and let N be the midpoint
of 0Q.

(i) Show that AQ is perpendicular to BC and deduce that the three altitudes of A ABC are
concurrent.

(ii) Show that the midpoints of AQ, BQ and C(Q, and the midpoints of the sides of AABC
are all equidistant from N.

[The centroid of AABC is the point G such that OC = %((ﬁl + OB + 00). The altitudes of
the triangle are the lines through the vertices perpendicular to the opposite sides.]

27
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